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Abstract
Rotational bands with (pih11/2)
1(νh11/2)
1 configurations are studied using a particle-
rotor model in which a proton and a neutron quasiparticles interacting through a
zero-range force are coupled with a triaxial rotor. It is shown for 124Cs that one can
reproduce the signature dependence of energy and B(M1)/B(E2) ratio best when one
takes into account γ-deformations with irrotational-flow moment of inertia in addition
to the proton-neutron interaction proposed by Semmes and Ragnarsson. Including
both effects, a systematic calculation of signature splittings is performed for Cs, La
isotopes and N=75 isotones to be compared with experiments. Discussions are also
done on the deficiencies of the cranking model concerning its applicability to signature
inversion phenomena in odd-odd nuclei.
1 Introduction
In the cranking model, the order of single-particle energy levels can be reversed between
a favored-signature state and its unfavored-signature partner when the axial symmetry is
violated and the shortest axis is chosen as the rotation axis[1, 2, 3]. This type of rotation
is called a positive-γ rotation in so-called Lund convention[4]. The signature-inversion phe-
nomenon is expected to manifest itself in experiment as the reversion of the staggering of
rotational spectrum because, as discussed in sect. 2.1, the signature quantum number can
usually be associated with the parity of the total angular momentum I (or I − 1
2
for odd-A
nuclei).
Signature inversions have been found systematically in regions of mass number A ∼ 130
and A ∼ 160. They occur only in multi-quasiparticle (qp) bands. For 2qp bands of odd-odd
nuclei, inversions take place in low-spin regions including the bandhead states. For odd-A
nuclei, they happen at higher spins than the first backbendings, i.e., in 3qp bands consisting
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of two rotation-aligned qp’s of proton or neutron and a deformation-aligned qp of the other
type of nucleon. A brief review of the experimental facts is given in ref. [5].
When one tries to explain these signature inversions in terms of triaxiality, one encounters
a serious problem that, assuming as usual that the moment of inertia has the same shape
dependence as that of irrotational flow, the nucleus prefers to rotate around its intermediate-
length principal axis, not the shortest one. This type of rotation, which is called a negative-γ
rotation, increases the signature splitting in the normal direction rather than reverse it.
An ad hoc prescription to realize a positive-γ rotation is to exchange the components of
the moment of inertia between the shortest axis and the intermediate-length axis by hand[6].
In this paper, a moment of inertia having such shape dependence is called a γ-reversed one.
The irrotational-flow moment of inertia is much more reasonable than the γ-reversed one.
The former is naturally derived by separating the quadrupole oscillations around a spherical
shape between rotation and vibration[7]. It is also supported by a microscopic calculation
based on the cranking formula[8].
Our previous calculation using a particle-triaxial-rotor model, too, supports it[9]: We
have treated all the nucleons in intruder orbitals (πh11/2 and νi13/2) in a microscopic way.
These nucleons give rise to as much as half of the moment of inertia of the entire nucleus.
This particle-rotor system does not show any signature inversions, even if the rotor is given a
γ-reversed moment of inertia, implying that a complete shell-model configuration-mixing cal-
culation, if possible, will probably be approximated better with an irrotational-flow moment
of inertia rather than a γ-reversed one.
Therefore ingredients other than triaxiality have to be taken into account. Considering
that inversions are always found in multi-qp bands, the residual interaction between qp’s
seems important. Hamamoto has analyzed a 3qp band in 157Ho employing a Qp · Qn force
as the residual interaction[10]. She concluded that an interaction strength larger than the
standard one by an order of magnitude was necessary to reproduce the signature inversion.
Ikeda and Shimano have succeeded in reproducing signature inversions in 3qp bands using
the standard Qp·Qn interaction, but they have needed to change the sign of the rotation-γ-
vibration coupling[11], which corresponds to the usage of a γ-reversed moment of inertia.
Semmes and Ragnarsson have employed a zero-range residual interaction in a model in
which a proton and a neutron qp’s are coupled with a triaxial rotor and applied the model
to the (πh11/2)
1(νi13/2)
1 band in 152Eu[12, 13] and the (πh11/2)
1(νh11/2)
1 band in 120Cs[14].
These applications are successful in reproducing the angular momentum (Iinv) at which the
signature splitting changes the sign.
In this paper, we adopt the framework of Semmes and Ragnarsson and intend to improve
their results. Although they concluded that the best way is to employ the proton-neutron
(pn) interaction without γ-deformations, we expect that triaxiality must be considerably af-
fecting signature-dependent quantities so long as low-energy γ-bands exist in the neighboring
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even-even nuclei. We choose an odd-odd nucleus 124Cs, whose experimental spin-assignments
are very reliable[5], and perform an intensive study to see what kind of combination of γ-
deformations and pn interactions is most suitable to reproduce signature dependence in
energy and B(M1)/B(E2) ratio. Then, using the best combination, we make a systematic
calculation of signature splittings for Cs, La isotopes and N=75 isotones and compare the
results with experiment.
Signature inversion phenomena in odd-odd nuclei have also been studied in other theoret-
ical frameworks, e.g., the cranking model[15] and the interacting-boson-fermion model[16].
In sect. 2, in order to stress the necessity to use the particle-rotor model, we point out
two deficiencies of the cranking model concerning its applicability to signature-inversion
phenomena. In sect. 3, we check the reasonableness of the strength of the pn interaction
proposed by Semmes and Ragnarsson. The model is explained in sect. 4. The results of
calculations are given in sects. 5. The contents of this paper are summarized in the last
section.
2 Inadequacy of the cranking model
In this section, we point out two shortcomings of the cranking model, which make us question
the applicability of the model to signature inversion phenomena in odd-odd nuclei. The aim
is to illustrate the necessity to invoke a particle-rotor model rather than the cranking model,
although the former is more phenomenological and yet more laborious to solve than the
latter.
2.1 Non-unique correspondence between signature and the parity
of I
First, we discuss the relation between the parity of the total angular momentum I (or I − 1
2
for odd-A systems) and the signature quantum number. The former is what is observed
in experiments, while the latter is peculiar to the cranking model, in which the nucleus is
assumed to perform a uniform rotation around a space-fixed axis. The signature quantum
number is defined as the eigenvalue of an operator,
Rˆx ≡ exp(−iπIˆx), (1)
which rotates the wavefunction of the system by 180◦ around the x-axis. The x-axis is taken
to be parallel to the cranking axis, which coincides with one of the principal axes of the
quadrupole deformation. Rx is a good quantum number in the cranking model because
both of the Coriolis field (−ωrotIˆx) and the Nilsson potential commute with Rˆx. Now, if
Ix = I for the states (of the real nucleus, not of the cranking model) under consideration,
the signature and the parity of I obviously have one-to-one correspondence. There seems
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to be no justifications for identifying the two quantities which does not depend on the
assumption of Ix = I.
The condition Ix = I is not fulfilled, however, when the fluctuation 〈Iˆ
2
y + Iˆ
2
z 〉 is not
negligible, say larger than ∼ 2I. (I2y + I
2
z takes on I for Ix = I and 3I − 1 for Ix = I − 1.
At the middle point, I2y + I
2
z = 2I −
1
2
.) For example, it is not negligible when quasiparticles
are excited in orbitals having large Ω quantum number and/or when a triaxially deformed
nucleus does three-dimensional rotations 1. One should be very careful in applying the
cranking model to these cases.
The deviation of Ix from I is larger at smaller spins, while signature inversions in odd-odd
nuclei take place at low spins. This is one of the reasons why we employ the particle-rotor
model, to which Ix 6= I does not matter.
When we explain the results of calculations with particle-rotor model, we use the word
signature to signify the parity of I. For example, concerning (πh11/2)
1(νh11/2)
1 configurations,
states with odd (even) I are called favored (unfavored) signature states.
2.2 Mixing of the single-particle signature
Second, we examine the ability of the cranking model to treat 2qp configurations. In the
cranking model, it is assumed that each particle has a definite signature. We show in this
subsection, however, that the signature of each particle can be mixed completely, even when
the total signature remains a rather good quantum number.
We consider only pure-j orbitals. For our purpose, it is necessary to distinguish between
rotation-aligned (RA) orbitals and deformation-aligned (DA) ones because they play different
roles.
RA orbitals are labeled by the x-component mx of the angular momentum and are
signature eigenstates:
Rˆx|j,mx〉 = e
−ipimx|j,mx〉. (2)
Orbitals {|j, j〉, |j, j−2〉, · · · , |j,−j+1〉} have a signature e−ipij , while orbitals {|j, j−1〉, |j, j−
3〉, · · · , |j,−j〉} have the opposite signature eipij . The former set of orbitals is called the fa-
vored signature states because it includes the orbital |j, j〉, which has the smallest expectation
value of the Coriolis field (−ωrotjˆx). The latter set is called the unfavored signature states.
For DA orbitals, the signature eigenstates are obtained by taking linear combinations of
a pair of degenerated Nilsson orbitals, whose z-component of the angular momentum Ω is a
good quantum number,
∣∣∣j, |Ω|,Rx = e±ipij〉 = 2−1/2(|j,Ω〉 ∓ |j,−Ω〉). (3)
1 A familiar example is the γ-band of the triaxial rotor[17]. Although all of the three signatures r1, r2,
and r3 are taken to be +1[7], the band includes odd-spin members.
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It can be shown in the lowest order perturbation theory that orbitals with Rx = e
−ipij (eipij)
are favored (unfavored) by the Coriolis field, in agreement with the favored (unfavored)
signature for RA orbitals.
We consider 2qp configurations of (jp)
1(jn)
1 type consisting of a proton and a neutron.
For each qp of kind τ (=p or n), we take into account a favored orbital fτ and an unfa-
vored one uτ . If they are RA orbitals, we take |fτ 〉 = |jτ , mx = jτ 〉 and |uτ〉 = |jτ , mx =
jτ − 1〉. In case of DA orbitals, those of eq.(3) are used. There are four intrinsic states
{fpfn, upun, fpun, upfn} (the signature quartette).
In fig. 1, we show how the quartette is grouped into rotational bands. It is supposed that
jp− jn is even. The first portion shows a case in which two qp’s are in RA orbitals. Because
collective transitions of the rotor do not occur between states with different RA orbitals,
there exist four bands based on each member of the quartette.
The second portion treats a case where the proton (neutron) qp is in RA (DA) orbitals.
The third portion is obtained by exchanging the types (RA or DA) of orbitals between proton
and neutron. In both cases, the difference of the signature of the RA orbital makes different
bands, while that of the DA orbital gives rise to the odd-even staggering within each band.
The independent-qp picture has been applicable so far. It no longer holds when both
qp’s are in DA orbitals, as shown in the last portion. The signature quartette should be
mixed up to construct states labeled with K = |Ωp + Ωn|, because the rotational energy
depends on K as EI ∝ I(I + 1) − K
2. The band with K = K> ≡
∣∣∣|Ωp| + |Ωn|∣∣∣ has a
wavefunction fpfn + upun for odd I and fpun + upfn for even I, while the band with K =
K< ≡
∣∣∣|Ωp| − |Ωn|∣∣∣ has fpfn − upun for odd I and upfn − fpun for even I (not normalized).
Therefore the cranking model cannot treat K-bands with multi-qp intrinsic states 2.
In practice, ideal (i.e., pure-mx) RA orbitals hardly exist and the wavefunctions of 2qp
bands inevitably contain the components of K-bands. In this respect, too, it is worth while
using the particle-rotor model for odd-odd nuclei.
Let us discuss briefly about the signature quartette. In all the portions of the figure except
the first one, the phase of the odd-even staggering of the higher-lying band is opposite to
that of the lower-lying one. This feature may be useful to tell which pair of bands makes
the signature quartette. The (πh11/2)
1(νh11/2)
1 bands in Cs isotopes are roughly classified
to the second case from the fermi levels. For 124Cs, our calculation predicts that the first
excited band of this configuration is at about 0.6 MeV from the yrast band. The odd-even
staggerings of the lowest two bands are of opposite phase for spins both below and above
Iinv. They seem to make a signature quartette.
2 Although the tilted-axis cranking model[18] can produce multi-qp K-band states, it does not conserve
“the signature quantum number” for the pi-rotation around the cranking axis, not to mention of the parity
of I.
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3 The proton-neutron interaction
In refs. [12, 13, 14, 19], a zero-range interaction of the following form 3 has been used as the
residual force between the unpaired proton and neutron in odd-odd nuclei.
Vpn = 4π
√
π
2
b3δ(rp − rn)(u0 + u1σp · σn), (4)
where b ≡ (h¯/mω)1/2. Boisson and Piepenbring have obtained u1 = −0.8 MeV[19] through
least-squares fits to the GM shifts[21], leaving u0 undetermined. Semmes and Ragnars-
son have proposed a strength u0 = −7.2 MeV[12] by determining the ratio u0/u1 from
VT/VS∼0.6, the experimental tendency of the ratio of the spin-triplet energy to the singlet
one[22]. They have found that this u0 leads to accurate reproductions of Iinv for
120Cs[14]
and 152Eu[12, 13].
3.1 How strong is the Vpn of Semmes and Ragnarsson ?
In ref.[10], it has been concluded that aQp·Qn interaction more than ten times as strong as the
standard one is necessary in order to reproduce a signature inversion in a (πh11/2)
1(νi13/2)
2
band. It should be examined whether Vpn (eq. (4)) is so unreasonably strong or not.
By expressing the angular part of the delta function with spherical harmonics, Vpn can
be expanded as
Vpn = V0
∑
l
Yl(rˆp) · Yl(rˆn) + V1
∑
l
Yl(rˆp) · Yl(rˆn) σp · σn, (5)
where V0 = −11.2 MeV and V1 = −1.2 MeV (estimated for (πh11/2)
1(νh11/2)
1 configurations).
The transferred angular momentum k between the proton and the neutron can take on
l (l and l ± 1) for the terms in the first (second) summation. As far as (jp)
1(jn)
1-type
configurations concern, the two-body matrix elements of the right-hand side of eq. (5) vanish
for terms with odd l (due to parity conservation) and for contributions with k=l from the
terms in the second summation[23]. It follows that an interaction with k=2 is contained
only in the spin-independent part of the interaction and its strength is −11.2 MeV.
An estimate of the strength of the Qp ·Qn force is found in ref.[7], which gives,
VQQ = −7.7 [MeV] × Y2(rˆp) · Y2(rˆn), (6)
for (πh11/2)
1(νh11/2)
1 configurations in A=124 nuclei. (We used eqs.(6-78,127,380) of ref. [7].
The strength is (X0 −X1)〈r
2
p〉〈r
2
n〉.) Hence, concerning the k=2 component, Vpn is stronger
than VQQ only by a factor of 1.5.
3 In refs. [12, 13, 19], a different factor (pib3/21/2)1/2 is printed instead of (pi/2)1/2b3 of eq. (4). However,
eq. (4) is the correct definition in the sense that it is consistent with the particle-rotor-model code of Semmes
and Ragnarsson and that the code reproduces[20] the matrix elements tabulated in ref. [19]. Therefore all
the numerical results in refs. [12, 13, 14, 19] are completely correct if the definition is changed to eq.(4).
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Vpn has, however, other multipole components. To see their effects, we have plotted the
two-body matrix elements,
gJ = 〈(πh11/2)
1(νh11/2)
1; JM |Vpn|(πh11/2)
1(νh11/2)
1; JM〉, (7)
in fig. 2. In the figure, g
(0)
J (g
(1)
J ) denotes the part of gJ proportional to u0 (u1). g
(QQ)
J is the
matrix element of VQQ (eq. (6)). The range of fluctuation in gJ (g
(QQ)
J ) versus J is 3.4 MeV
(1.1 MeV). In this respect, the former is stronger than the latter by a factor of 3.0.
From the obtained enhancement factor of 1.5-3.0, Vpn does not seem unreasonably strong.
The difference of the strength between Vpn of Semmes and Ragnarsson and ∼10×VQQ of
Hamamoto may originate in the k 6= 2 multipole interactions of the former force or in the
difference of configuration.
3.2 The effect of the spin-dependent interaction
Let us show that the spin-dependent term does not have strong influence on the bands to
be studied in this paper. It has been known that the proton-neutron interaction prefers
spin-triplet state to singlet one. In deformed nuclei, it is realized as an empirical law called
the GM rule [21]. The GM splitting is the difference of energy between states with K>
and K< (see sect. 2.2 for the definitions). It is estimated most simply with the difference
in the diagonal matrix element of the spin-dependent interaction between stretched and
antistretched unperturbed configurations. For a product state of a proton and a neutron,
|(l 12)jΩp〉p|(l
1
2)jΩn〉n, the probabilities of spin singlet and triplet components are,
Prob.(S = 1) = 1− Prob.(S = 0) =
3
4
+
ΩpΩn
4j2
. (8)
In case of 124Cs, by using j = 11
2
, |Ωp| =
1
2
, and |Ωn| =
7
2
, one finds only 3 % difference of the
probabilities between configurations with ΩpΩn > 0 and < 0. Therefore the GM splitting is
very small. The off-diagonal effects are studied in sect. 5 (see fig. 3).
4 The particle-triaxial-rotor model for odd-odd nuclei
The hamiltonian of our model is expressed as,
Hˆ =
3∑
κ=1
h¯2
2Iκ
(Iˆκ − jˆpκ − jˆnκ)
2 + hˆNilsson + Vpn, (9)
where
Iκ =
4
3
I0 sin
2(γ ∓
2
3
πκ) for
{
γ ≤ 0 (irrotational flow),
γ > 0 (γ-reversed).
(10)
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hNilsson is a deformed single-particle potential, which depends on γ in such a way that ∆ωκ
∝ cos(γ + 2
3
πκ). Vpn is defined by eq. (4). The subspace in which we diagonalize Hˆ is,
(1qp in πh11/2) × (1qp in νh11/2) × (|Krotor| = 0, 2, 4, 6). (11)
In eq. (11), “h11/2” stands for those Nilsson orbitals which are continuously transformed to
the h11/2 spherical orbitals as ǫ2 → 0. Orbitals with Ω=
11
2
are not included.
The first term in the right-hand side of eq. (9) is divided into three parts in the usual
way[24], i.e., the strong-coupling rotational energy, the Coriolis interaction, and the recoil
term. In sect. 5.2, we use a Coriolis attenuation factor ρ of 0.7, which should be multiplied
to all the off-diagonal matrix elements of the Coriolis interaction. Concerning the recoil
term, operators jˆ
2
p and jˆ
2
n are treated as one-body operators to avoid a double counting of
a rotor’s contribution[25].
The distinction between negative and positive values of γ in the definition (10) is intro-
duced just for the sake of convenience[6]. As for the γ-dependence of the moment of inertia
Iκ, that of irrotational flow is usually assumed. Sometimes the γ-reversed moment of iner-
tia is also employed, which are obtained by exchanging Ix and Iy by hand. The definition
(10) is adopted so that the distinction between the irrotational-flow moment of inertia and
the γ-reversed one can be made simply by means of the sign of γ. Incidentally, in this pa-
per, a “negative-γ (positive-γ) rotor” means a rotor having an irrotational-flow (γ-reversed)
moment of inertia.
We employ the triaxial rotor model not because we believe in rigid triaxial shapes but
because it is a very convenient model which can emulate the effects of fluctuation and
vibration of γ around an axial shape. Indeed, a triaxial rotor and a γ-vibrational axial
rotor are indistinguishable to the first order in γ. For more explanations of their practical
equivalence, see ref. [26] and references therein.
The parameters of the Nilsson potential are taken from table 1 of ref.[27]. The pairing-
active space is restricted to (15Z)1/2 proton and (15N)1/2 neutron orbital pairs below and
above each fermi level. The interaction strengths are obtained by multiplying 0.95 to the
standard strengths[28] in order to take into account the blocking effect. The stretched
coordinates are used.
More explanations of the model are given in refs.[12, 13]. Ref. [29] is about a simpler
version of the model for 1qp bands of odd-A nuclei, originally introduced in ref. [30], and
can be of some help to understand the present model.
The size of quadrupole deformation ǫ2 is taken from ref. [14] for
120Cs and from ref. [5] for
124Cs. A Nilsson-Strutinski calculation results in the same ǫ2 for
124Cs[31]. For other nuclei,
it is determined by averaging over neighboring even-even nuclei the values of β derived from
B(E2)↑[32] . When no data are available, extrapolations are done. Adopted values are given
in the second column of table 1.
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For the triaxiality parameter γ, we tried determining it by equating E(2+γ )/E(2
+
gr) of a
triaxial rotor[17] to the average of experimental values over neighboring even-even nuclei[33].
For 124Cs, we have obtained |γ| = 23◦, which turns out to be a very appropriate value
concerning signature splitting. Considering that this prescription to determine γ is also
successful for odd-A nuclei[34], we adopt it for other nuclei, too. The third column of table
1 presents the resulting values.
As a parameter to specify the moment of inertia, we use Ec(2
+), which stands for the
smallest excitation energy of the bare rotor, instead of I0. In determining this parameter
one has to keep in mind that the moment of inertia of a real nucleus is not a constant
but usually increases versus spin. As we are interested in signature inversions, which take
place at I < Iinv ∼= 16 (for
124Cs), we determine Ec(2
+) so as to fit ∆E/∆I at I = Iinv,
where E is the eigenvalue of Hˆ. The practical procedure of the fitting is as follows: For
120−128Cs and 124−130La, we adjust Ec(2
+) for each nucleus so that the calculated E(I =
17) − E(I = 15) agrees with the experimental energy difference. For 132La, 134Pr, and
136Pm, E(I = 13)− E(I = 11) is used for the fitting because no levels have been observed
for I ≥ 15 for these nuclei. The values in the fourth column of table 1 are determined for
ρ = 0.7 and used in section 5.2.
5 The results of calculations
In this section, we employ residual pn interactions and γ-deformations and examine the
resulting signature splittings and electro-magnetic transition amplitudes.
We choose to define the signature splitting as follows: For each even value of I, we
interpolate the odd-I sequence of the spectrum to the even value of I and subtract the
interpolated energy from the even-I energy level 4. Negative values of the splitting mean
signature inversion. In this way we can treat the signature splitting independent of the slope
of the spectrum, ∆E/∆I (∆I=2), and concentrate ourselves on the former quantity. Indeed,
the signature splittings contain all the significant information of the spectra calculated in
subsect. 5.2 since we use a parameter to fit ∆E (∆I=2).
5.1 Effects of pn interaction and γ-deformation
In this subsection, we try various combinations of two factors, i.e., pn force and triaxiality.
A nucleus 124Cs seems most appropriate to this intensive study, since the experimental spin-
assignments for the nucleus are very reliable[5]. Ec(2
+) is fixed at 0.15 MeV for 120Cs and
4 For each even spin I0, we choose the nearest n odd spins to I0 and construct a polynomial in I of degree
n − 1 which passes through the n levels for the n spins (the Lagrange interpolation formula). It has been
confirmed that the result is practically the same for n=4, 6, and 8. We have observed no artificial ripples
due to our specific choice of the interpolation method. We adopt n=6 in this paper.
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0.20 MeV for 124Cs. The Coriolis attenuation is not introduced (i.e., ρ=1) 5.
First, we try changing u0 while keeping axial symmetry. The value of u1 is fixed at
−0.8 MeV. The results for 120Cs and 124Cs are shown in fig. 3. The solid circles connected with
dashed curve designate the experimental signature splitting. The dots connected with solid
curves are the calculated points for which different values of u0 (0,−1.8,−3.6,−5.4,−7.2,−9.0,
and −10.8 [MeV]) are used. For 120Cs, Iinv coincides with the experimental value when
u0 = −7.2 MeV. The slope is, however, twice as small as the experimental trend. (This is
the same strength as proposed by Semmes and Ragnarsson. Our results seem in agreement
with fig. 7d of ref. [14].) For 124Cs, Iinv as well as the slope are reproduced using a different
strength u0 = −5.4 MeV. It is not preferable that the interaction strength changes so widely
between neighboring nuclei.
While all the solid curves in the figure are calculated with u1=−0.8 MeV, the plus marks
connected with a dot-dash curve for each nucleus are obtained without any pn interactions
(u0 = u1 = 0). By comparing the curve with the top solid curve, which is calculated with
u0 = 0 and u1 = −0.8 MeV, one can see that a spin-dependent interaction favoring S=1
enhances the normal-sign signature splitting, opposite to the signature-inverting effect of
spin-independent attractive interactions.
In fig. 4, we tried introducing γ-deformations while turning off the pn interaction (u0 =
u1 = 0). With an axial rotor (0
◦), the inversion does not occur. A negative-γ rotor (−23◦)
does not change the result very much. (See eq. (10) for the distinction between “negative-
γ” and “positive-γ” rotors.) For positive-γ rotors (+18◦,+23◦), the signature splitting is
sensitive to the value of γ. With γ = +18◦, Iinv as well as the slope are reproduced. As
remarked in the introduction, however, it is unlikely that real nucleus behaves like a positive-
γ rotor.
In fig. 5, we show the results of calculations in which γ-deformations as well as Vpn of
Semmes and Ragnarsson (u0 = −7.2 MeV, u1 = −0.8 MeV) are taken into account. With a
positive-γ rotor (+23◦), the effect to invert the signature splitting is too strong, which is a
natural result since both factors cooperate to cause the inversion. With a negative-γ rotor
(−23◦), however, the agreement with the experiment can be very good.
We imagine that a negative-γ rotor plays the following role: At low spins, the fluctuation
in the orientation of the rotation axis is so large that neither negative-γ nor positive-γ
rotation is realized. Consequently, the static mean-field effect (such as considered in the
cranking model for negative-γ rotation) on the signature dependence of single-particle energy
5 Although Ec(2
+) is fixed, obtained spectrum is satisfactory for the calculations given in fig. 3: ∆E ≡
E(I = 17) − E(I = 15) is 90-100% of the experimental values. For the calculations given in figs. 4 and 5,
∆E is rather small for γ 6= 0◦: It amounts to ∼100%, 70-80%, and 60-70% of the experimental value for γ=
0◦, −23◦, and +23◦, respectively. To see the influence of such discrepancy, we have also done calculations
adjusting Ec(2
+) for each value of γ to fit ∆E. The result supports the conclusion of this subsection,
provided ρ ∼ 0.7 (see sect. 5.2).
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is small6. At high spins, the rotation axis is confined in the vicinity of the intermediate-length
axis because the excitation energy for wobbling motion is proportional to I[7]. This rotation
corresponds to a negative-γ rotation of the cranking model and contributes to the normal-
sign signature splitting. Therefore, a negative-γ rotor is expected to promote the restoration
of the normal-sign signature splitting at high spins without hindering the signature inversion
at low spins.
We now show that the combination of Vpn and a negative-γ rotor is not only physically
most reasonable but also supported by the experimental B(M1;I → I − 1)/B(E2;I → I − 2)
ratio. In fig. 6, this ratio is plotted as a function of I. Calculations are done for three cases,
i.e., (1) when only a pn interaction is taken into account (dotted lines, corresponding to the
curve using u0 = −5.4 MeV in the right-hand portion of fig. 3), (2) when only a positive-γ
rotor is employed (dashed lines, corresponding to the curve calculated with γ = +18◦ in
fig. 4), and (3) when the pn interaction Vpn is combined with a negative-γ rotor (solid lines,
corresponding to the curve using γ = −23◦ in fig. 5). In the left-hand portion, where the
ratios for odd values of I are plotted, the solid line reproduces best the decrease of the ratio
versus I (except for I=19). In the right-hand portion, which shows the ratios for even I,
the sudden drop in the ratio is reproduced only by the solid line. (The drop is attributed to
the B(M1) value while B(E2) value increases continuously.)
5.2 A systematic calculation for A ∼ 130 nuclei
We have seen that the combination of a pn interaction and a negative-γ rotor makes the
most successful model to reproduce signature-dependent quantities. In this subsection we
present signature splittings calculated by this method for some Cs and La isotopes and N=75
isotones.
Employed values for the parameters (ǫ2, γ, and Ec(2
+)) are given in table 1. We use Vpn
of Semmes and Ragnarsson (u0 = −7.2 MeV, u1 = −0.8 MeV). The Coriolis attenuation
factor of ρ=0.7 is assumed for all the nuclei, the necessity of which is explained soon.
As explained in sect. 4, we choose to determine Ec(2
+) so that ∆E for ∆I=2 is repro-
duced around Iinv. In fig. 7, resulting spectra for
120,124Cs are shown. The solid (dashed)
curves connect smoothly the calculated favored (unfavored) signature levels. Experimental
favored (unfavored) signature levels are denoted by solid (open) circles. The agreements with
experiment are quite excellent for wide ranges of I centering on I = 16. Equally excellent
agreements are achieved for other nuclei, too.
For the calculations in this section, we introduce the Coriolis attenuation factor because
the absolute values of the signature splittings are too large when Ec(2
+) is adjusted to
6 At very low spins, the angular-momentum-coupling scheme between a particle and a rotor is not so
simple as in this argument[35, 36]. It seems related to the discussion in sect. 2.1. It may be the reason why,
in our calculations, negative-γ rotors as well as positive-γ ones seem to enhance the inversions.
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reproduce the ∆I=2 transition energy. The attenuation factor stands for many ingredients
which are not taken into account in the particle-rotor model, some of which may cooperate to
weaken the Coriolis interaction. In fig. 8, signature splittings calculated with various values of
ρ are shown. We have adjusted Ec(2
+) for each value of ρ to reproduce E(I=17)−E(I=15)7.
From this figure, one can see that Iinv as well as the slope are reproduced excellently with
ρ = 0.7. We use the same value of ρ for other nuclei, too.
The left-hand portion of fig. 9 shows experimental signature splittings of some Cs isotopes.
As for 120,124,126Cs, the behaviors of signature splittings are rather similar to one another.
The curve for 128Cs seems to have the opposite sign to other curves. The right-hand portion
gives the calculated splittings. As for 120Cs, the relatively large slope of the splitting is
reproduced. Although the agreement is very good for I ≤ 12 and I ≥ 20, there is a bump
around I ∼ 15 in the calculation and hence Iinv is smaller than experiment by ∆I = −1.8.
Concerning 124Cs, the agreement is quite satisfactory. For 126Cs, the calculated Iinv is larger
than the experimental one by ∆I = 2.0. The abrupt reversion of the sign of the splitting
between A = 126 and A = 128 is not reproduced by our calculation. The agreements of
Iinv between the experiments and the calculations would become remarkably excellent if
the experimental spin-assignments could be changed by −2, +2, and +1 for 120,126,128Cs,
respectively.
In fig. 10, some La isotopes are studied. One can see a common feature between the
experiments and the calculations that Iinv increases as A increases. However, while in ex-
periment signature splittings of these isotopes seem to have the opposite sign to those of
120−126Cs, in our calculation such opposite-sign behaviors between ∆Z=2 neighbors are not
reproduced at all. This systematic discrepancy in the sign might signify that all the ex-
perimental spin-assignments were incorrect by odd values of ∆I or it would indicate the
necessity of a more elaborate model.
The signature splittings of three N=75 isotones are shown in fig. 11. In this case, the
correspondence between the experiments and the calculations is not very clear, partly because
the observed rotational sequences are very short.
6 Summary
In this paper, we have applied a particle-triaxial-rotor model to odd-odd A ∼ 130 nuclei to
investigate the signature dependence of the (πh11/2)
1(νh11/2)
1 bands.
In sect. 2, we have explained two deficiencies of the cranking model and questioned its
applicability to signature-inversion phenomena in odd-odd nuclei. One is that there is not
7 Because of this adjustment, the “rotational frequency” ωrot = dE/dI, which is the strength of the
Coriolis field in the cranking model, is constant despite the change in ρ. However, as intended, the Coriolis
interaction of our model is attenuated: It is proportional to a ratio ρ/Ec(2
+), which decreases as ρ decreases
(Ec(2
+)=0.28 MeV for ρ = 1 and Ec(2
+)=0.19 MeV for ρ = 0.6).
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always clear correspondence between the signature quantum number and the parity of the
total angular momentum. The other is that single-particle signatures are not conserved in
multi-qp configurations. We have also discussed about the signature quartette and how its
members are grouped into rotational bands.
In sect. 3, we have compared the zero-range residual interaction of Semmes and Ragnars-
son with a Qp ·Qn force having a standard strength as for (πh11/2)
1(νh11/2)
1 configurations.
The former has turned out stronger than the latter by a factor of 1.5-3.0 but not unreasonably
strong. The spin-dependent part of the force has also been discussed.
The model and the methods to determine the parameters have been described in sect. 4.
In sect. 5.1, we have tried various combinations of the residual interactions and the rotors
in order to reproduce the signature splitting and the B(M1)/B(E2) ratio for 124Cs. We have
found that the best result is obtained when the interaction of Semmes and Ragnarsson
is combined with a triaxial rotor with irrotational-flow moment of inertia. The residual
interaction gives rise to the signature inversion. The triaxial rotor does not deteriorate but
rather enhance the inversion at low spins, while it promotes the restoration of the normal-sign
splitting at high spins.
In sect. 5.2, we have performed a systematic calculation of the signature splittings for
120,124,126,128Cs, 124,126,128,130La, 132La75,
134Pr75, and
136Pm75 following the prescription given
in sect. 5.1. We need the Coriolis attenuation factor of 0.7 to reproduce both the ∆I=2
transition energy and the signature splitting. The agreement with experiment is good for
Cs isotopes except 128Cs. For La isotopes and 128Cs, the experimental splittings are of
the opposite sign to those of 120−126Cs. Our calculation do not produce such opposite-sign
behaviors between ∆Z=2 or ∆N=2 nuclei at all. For N=75 isotones, the correspondence is
not clear between the experiments and the calculations.
As an indispensable step to clarify the origin of the opposite-sign signature splittings
between experiment and theory, we hope that more reliable experimental spin-assignments
are conducted for nuclei other than 124Cs.
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TABLE
TABLE 1. Adopted parameters for each nucleus. In sect. 5.1, we use Ec(2
+) = 0.15 MeV for
120Cs and 0.20 MeV for 124Cs with ρ = 1. In sect. 5.2, ρ = 0.7 is employed.
ǫ2 γ Ec(2
+) [MeV]
120Cs 0.25 −23◦ 0.159
124Cs 0.22 −23◦ 0.206
126Cs 0.244 −24◦ 0.217
128Cs 0.210 −24◦ 0.182
124La 0.31 −17◦ 0.182
126La 0.288 −19◦ 0.191
128La 0.268 −21◦ 0.200
130La 0.246 −23◦ 0.210
132La75 0.217 −25
◦ 0.179
134Pr75 0.225 −25
◦ 0.206
136Pm75 0.225 −25
◦ 0.224
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FIGURE CAPTIONS
Fig. 1. Possible band structures of a signature quartette for (jp)
1(jn)
1-type configurations
(when jp − jn is even). RA (DA) means that the orbital is rotation- (deformation-)
aligned. f (u) stands for the wavefunction for a favored- (unfavored-) signature orbital.
In the figure, we have omitted the subscripts p and n used in the text. Instead, the
first (second) symbol specifies the proton (neutron) orbital. For example, fu in a box
labeled by (RA,DA) means a configuration in which a proton is in a favored-signature
rotation-aligned orbital and a neutron is in an unfavored-signature deformation-aligned
orbital.
Fig. 2. Two-body matrix elements of the residual interaction proposed by Semmes and Rag-
narsson for (πh11/2)
1(νh11/2)
1 configurations (gJ). The contributions from its spin de-
pendent and independent terms are also shown (g
(1)
J and g
(0)
J , respectively). The matrix
elements of a Qp · Qn force with a standard strength are included for the sake of com-
parison (g
(QQ)
J ).
Fig. 3. Signature splitting of the (πh11/2)
1(νh11/2)
1 band in 120Cs (left-hand portion) and 124Cs
(right-hand portion) calculated with various values of u0. Axial rotors are used. See
text for explanations.
Fig. 4. Signature splitting of the (πh11/2)
1(νh11/2)
1 band in 124Cs calculated without Vpn. Solid
and dot-dash curves are the results using different values of γ. The experimental values
are expressed by solid circles connected with a dashed curve.
Fig. 5. Same as in fig. 4 but calculations are done using Vpn of Semmes and Ragnarsson.
Fig. 6. B(M1;I → I − 1)/B(E2;I → I − 2) ratio of the (πh11/2)
1(νh11/2)
1 band in 124Cs. The
ratios for odd (even) values of I are given in the left-hand (right-hand) portion. The
experimental values are taken from fig. 2 (c) of ref. [37] and expressed by dots with error
bars. The dotted lines are calculated with γ = 0◦ and u0 = −5.4 MeV. The dashed
lines are calculated with γ = +18◦ and u0 = u1 = 0. The solid lines are calculated with
γ = −23◦ and u0 = −7.2 MeV. See text for explanations.
Fig. 7. Rotational spectrum of the (πh11/2)
1(νh11/2)
1 band in 120Cs and 124Cs. The experi-
mental energy levels of favored (unfavored) signature are designated with solid (open)
circles. Solid (dashed) curves pass through the calculated levels of favored (unfavored)
signature. Used parameters are γ = −23◦, u0 = −7.2 MeV, u1 = −0.8 MeV, and
ρ = 0.7 for both nuclei. The parameter Ec(2
+) has been chosen to fit experimental
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E(I = 17) − E(I = 15). A constant energy is added to the calculated levels for each
nucleus so that E(I = 16) is equal to the experimental value.
Fig. 8. Effects of the Coriolis attenuation factor ρ on the signature splitting of the (πh11/2)
1
(νh11/2)
1 band in 124Cs. Except for ρ, the same parameters as in fig. 7 are used. Exper-
imental splittings are represented by solid circles connected with a dashed curve. See
text for explanations.
Fig. 9. Experimental (left-hand side) and calculated (right-hand side) signature splittings of
(πh11/2)
1(νh11/2)
1 bands in some Cs isotopes. Experimental data are taken from ref. [14]
for 120Cs, from ref. [5] for 124,126Cs, and from ref. [38] for 128Cs. No observed bands are
ascribed to this configuration for 122Cs[39].
Fig. 10. Experimental and calculated signature splittings of (πh11/2)
1(νh11/2)
1 bands in some
La isotopes. Experimental data are taken from ref. [5] for 124La, from ref. [40] for 126La,
and from ref. [41] for 128,130La.
Fig. 11. Experimental and calculated signature splittings of (πh11/2)
1(νh11/2)
1 bands in some
N=75 isotones. Experimental data are taken from ref. [42] for 132La and from ref. [43]
for 134Pr and 136Pm.
19
